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SUBHARMONICITY OF VARIATIONS OF KAHLER-EINSTEIN 
METRICS ON PSEUDOCONVEX DOMAINS 

YOUNG-JUN CHOI 


Abstract. This paper is a sequel to [3] in Math. Ann. In that paper we 
studied the subharmonicity of Kahler-Einstein metrics on strongly pseudocon- 
vex domains of dimension greater than or equal to 3. In this paper, we study 
the variations Kahler-Einstein metrics on bounded strongly pseudoconvex do¬ 
mains of dimension 2. In addition, we discuss the previous result with general 
bounded pseudoconvex domain and local triviality of a family of bounded 
strongly pseudoconvex domains. 


1. Introduction 

Let {z, s) e C n x <C be the standard coordinates and 7r : C" x C —> C be the 
projection on the second factor. Let I? be a smooth domain in C n+1 such that for 
each s € 7 t(D), the slice D s = D D 7r _1 (s) = {z : ( z , s) G D} is a bounded strongly 
pseudoconvex domian with smooth boundary. 

In [2], Cheng and Yau constructed a unique complete Kahler-Einstein metric 
on a bounded strongly pseudoconvex domain with smooth boundary. This implies 
that there exists a unique complete Kabler-Einstein metric h a p(z,s) := h s a ^(z) on 
each slice D s which satisfies the following: 

— (n + 1 )h a j){z, s) = Ric a/ 3 (z, s ) (the Ricci tensor) 

d 2 

= l0§det S) )t<7,«<n ' 

Namely, the Ricci curvature is a negative constant — (n + 1). This constant could 
be any negative number; — (n + 1) is chosen for convenience. On each slice D s , 

h ^ s ) '■= ^r lo s det (M*’ s ))i<g %s < n 

is a potential function of the Kahler-Einstein metric h a p(-, s). We can consider h as 
a smooth function on D ([3]). It is an immediate consequence of the Kahler-Einstein 
conditions that the restriction of h to each slice D s is strictly plurisubharmonic. 
But it is not obvious that it is also plurisubharmonic or strictly plurisubharmonic 
in the base direction (the s-direction). In [3], we have shown that if the slice 
dimension n is greater than or equal to 3, then h is plurisubharmonic provided D is 
pseudoconvex. Moreover, we have also proved that h is strictly plurisubharmonic 
if D is strongly pseudoconvex. 
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In this paper, we shall deal with a family of bounded smooth strongly pseudo- 
convex domain of dimension greater than or equal to 2. It is remarkable to note 
that Maitani and Yamaguchi already proved the 1-dimensional slice case am 

Theorem 1.1. With the above notations, if D is a strongly pseudoconvex domain 
in C n+1 , then h(z, s ) is a strictly plurisubharmonic function. 

In case of a general bounded pseudoconvex domain, Cheng and Yau also con¬ 
structed a unique Kahler-Einstein metric which is almost complete, which is a limit 
of Kahler-Einstein metrics on relatively compact subdomains ([2]). In [8], Mok 
and Yau proved that this metric is, in fact, complete. Hence we can consider the 
situation that I? is a pseudoconvex domain such that each slice D s is a bounded 
pseudoconvex domain. By simple approximation process, we have the following 
corollary. 

Corollary 1.2. Under the above hypothesis, h is a plurisubharmonic function. 

In [12} . Tsuji showed a dynamical construction of a Kahler-Eistein metric on a 
bounded strongly pseudoconvex domain with smooth boundary. More precisely, he 
have shown that the Kahler-Einstein metric is the iterating limit of the Bergman 
metric. Using the Berndtsson’s result (CD. he proved the same result with Corol¬ 
lary 11.21 

The above setting is also considered as a family of bounded strongly pseudo¬ 
convex domains. Moreover, the geodesic curvature (which is defined in Section [2|) 
is strongly related with the Kodaira-Spencer map. So it is natural to ask what 
happens if the geodesic curvature vanishes. The following theorem answers this 
question. 


Theorem 1.3. Suppose that the slice dimension n is greater than or equal to 3. If 
the geodesic curvature vanishes, then the family is locally trivial. 

The proof of Theorem 11.31 depends the vanishing order of the solution of com¬ 
plex Monge-Ampere equation near the boundary. This is why our method is not 
applicable to the case that the slice dimension n = 2. 


We will all the time consider only the case of a one dimensional base, but the com¬ 
putations are easily generalized to the case of a higher dimensional base. Through¬ 
out this paper we use small Greek letters, a, /3, • • • = 1 ,... ,n for indices on z G C™ 
unless otherwise specified. For a properly differentiable function / on C" x C, we 
denote by 


fa 


df_ 

dz a 


and fp 


df_ 

dzh' 


where z@ mean z&. If there is no confusion, we always use the Einstein convention. 
For a complex manifold X , we denote by T'X the complex tangent vector bundle 
of X of type (1,0). 


2. Prelimiaries 

In this section, we recaptulate the result in [3] . Throughout this section, D is a 
smooth domain in C" +1 such that every slice 

D s = D n 7r _1 (s) = {z : (z, s) G Dj 
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is a bounded strongly pseudoconvex domain with smooth boundary. Since our 
computation is always local in s-variable, we may assume that 7 r(D) = U the 
standard unit disc in C. 


2.1. Horizontal lifts and Geodesic curvatures. 


Definition 2.1. Let r be a real (1, l)-form on D which is positive definite on each 
slice D s . We denote by v := d/ds the holomorphic coordinate vector field. 

1. A vector field v T of type (1,0) is called a horizontal lift along D s of v if v T 
satisfies the following: 

(i) (v t ,w) t = 0 for all w £ T'D S , 

(ii) dit(y T ) = v. 

2. The geodesic curvature c(r) of r is defined by the norm of v T with respect 
to the sesquilinear form (•, -) T induced by r, namely, 

c(t) = (v T , v t ) t . 


Note that under the holomorphic coordinate ( z , s), r is written by 


T = 


\/—T ^ Tgsds Ads + r s pds A dz ,3 + T a sdz c 


Ads + T a pdz° 



Then the horizontal lift v T and the geodesic curvature c(r) can be written by the 
following: 

v r = ^ - T sp TBa -^i and C ( T ) = T ss - T s ^ a r aS . 

Then it is well known that 

T n+i T n 

(2.1) - = c(t) ■ — A y/^lds A ds. 

(n + 1)! n\ 

ft is remarkable to note that since r is positive definite when restricted to D s , m 
implies that if c(r) > 0 (> 0), then r is a positive (semi-positive) real (1, l)-form. 


2.2. The geodesic curvatures of the real (l,l)-forms induced by defining 
functions. Since every slice D s is a bounded smooth strongly pseudoconvex do¬ 
main, we can take a defining function of D which satisfies the following conditions: 

(i) ip £ C°°(D) and D = {(z, s) £ C n+1 : <p(z, s) < 0}, 

(ii) dtp ^ 0 on cfD, 

(iii) (Pa^(-» s )) > 0 in D and 

(iv) d z ip /Oon dD. 

We denote by g = — log(— ip). Then it follows that 


( 2 . 2 ) 

and the inverse is 




<PaP ^Pa^Pp 


-ip 


ip- 


(2.3) 


= (~<P) 



ipPtp a \ 
ip - \dp \ 2 ) ’ 


where Id^l 2 = l Pa'Pp9 a ^■ By some computation, we have g a ^g a gp < 1. It follows 
that g a g gives a complete Kahler metric on each D s Now we define the real 
(1, l)-form G by G = y/—lddg. A direct computation gives the following: 


9 s p9 Psp 



ipP(p a \ 

v- \M 2 ) 


<p a P>s 
\dip \ 2 - ip 
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This equation shows that following proposition. 

Proposition 2.2 ([3]). Any horizontal lift vq with respect to G is smoothly extended 
up to the boundary dD. Moreover, vc\dD is tangent to dD. 


j(0 = (-!)" det 


2.3. FefFerman’s approximate solutions and the boundary behavior of the 
solution of complex Monge-Ampere equation. Let fl be a bounded strongly 
pseudoconvex domain with smooth boundary. Given a smooth function f on fl, we 
define J{(f) by 

' C cp 

Ca Ca/3 

Note that if ( > 0 in fl and g = — log£, then it is easy to show that 

J(0 = e- (n+1)g det (g a p). 

Consider the following problem: 

J(f) = 1 on fl, 

( = 0 on dfl. 


(2.4) 


In [B], Fefferman developed a formal technique to find approximate solutions of 

HMD : 

Let p be a defining function of fl such that dp ^ 0 on dfl. We define recursively 
P 1 =~P- (J(-P))-^ , 


p l = p l 1 ( 1 + t— 77 ) for 2 < l < n + 1. 


(2.5) 

n l = n l - ± I 1 4- 

(n + 2 — 1)1 / 

Then p l satisfies the following properties: 

(1) Every —p l is also a defining function of fl. In particular, we may assume 
that every p l is considered as a smooth function defined on C n . 

(2) J(p l ) = 1 + 0(\p\ l ) for l = 1,... ,n + 1, i.e., p l is an approximate solution 
of order l for l = 1,..., n + 1. 

By (12.5|) . we can write — p = pp for some p G C°°(fl). Let w = — log (—77 p) and 
J(—pp) = e~ F . Then we have 

det (w a p) = e (n+1)w e~ F , 


and 

( 2 . 6 ) 


F = - log J(-pp) = -log J{p l ) = 0(\p\). 


Since p is positive near dfl, we know that ui is strictly plurisubliarmonic when 
sufficiently close to the boundary and diverges on dfl. By modifying w away from 
dfl, we may assume that ui is strictly plurisubharmonic on fl. We denote it by w 
and again write det (w a p) = e( ra+1 ) u ’e -F . Thus F is now a smooth function on 
fl and still satisfies that condition (12.61) . Again p is understood to be a smooth 
function on fl such that w = — log (—pp). 

Cheng and Yau’s theorem implies that we can solve the following equation: 

det(w aj g + u a p) = e {n+1)u e F det{w a ^) 

\ w *&) < (™ a p+u a p) < c{w a p). 


( 2 . 7 ) 
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Note that F = (n + l)w — logdet(w a/ g). This implies that 

= ( n + l) w afi + R-afii 

where R a p is the component of Ricci curvature tensor of the Kahler metric w a p. It 

follows that ( w a s + u a s) dz a dz^ is the unique complete Kahler-Einstein metric 
in fL Cheng and Yau also described the boundary behavior of the solution u of 

(EH): 

Theorem 2.3 (Simple Version [2]). Suppose that II is a smooth strongly pseu- 
doconvex domain in C n and p is a smooth defining function of ST Suppose that 
F = £(— p) k , l<fe<n+l, £g C°°(£l). Suppose that u is a solution of (12.71) . 
Then 

\D p u\ (x) = 0(\p\ a/2 ~ p ) 

where a < min(2n+l, 2k) and \D p u\ (x ) is the Euclidean length of thep-th derivative 
ofu. 

Now suppose u be a solution to (12.71) with w = — log(— p n+1 ) = — log(— rjp) and 
F = — log J(— rjp). Then we know that 

F = log </( rjp) = - log (1 + £(-p) n+1 ) 

for some ^ £ C°°(f2). Then Theorem 12.31 savs that 

\D p u\ (x) = 0(\p\ n+1/2 - p - b ) 

for b > 0. In particular, we have 

(2.8) M ^ 0(\p\ n - 3/2 ~ b ) 

for b > 0. The above discussion also implies that 

u a f 3 g c°°(n)nc n - 3/2 - b {ti), 

for b > 0 and 1 < a, f3 < n. 

3. SUBHARMONICITY OF KAHLER-ElNSTEIN METRICS ON STRONGLY 
PSEUDOCONVEX DOMAINS 

In this section, we shall discuss about Theorem ll.il More precisely, we will prove 
the following: 

Theorem 3.1. If every boundary point of D s is a strongly pseudoconvex boundary 
point of D, then h is strictly plurisubharmonic near D s . 

Remark 3.2. The above theorem have been already proved if the slice dimension 
is greater than or equal to 3 in [3]. In fact, a little more is proved in J3]. This will 
be discussed in Section [6] 

3.1. The geodesic curvature from the approximate Kahler-Einstein met¬ 
rics. Let D be a smooth domain in C n+1 such that every slice D s is strongly 
pseudoconvex domain. Suppose that every boundary point of D s is a strongly 
pseudoconvex boundary point of the total space D. Then every slice D s i which is 
sufficiently close to D s has such property. Since our computation is always local 
in s-variable, we may assume that 7r (D) = U and there exists a defining function 
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ip which satisfies the conditions in Subsection 12.21 By the argument in Subsection 
2.3, we know that there exist approximate solutions p n+1 (-,s) such that 


(3.i) j(^ +i (., S )) = i+o(| (P (., S )r +i ), 


for every s £ U. By (E3, there exists a smooth positive function ry on D such that 
c/5 n+1 (-,s) = Hence r](-,s)<p(-,s) is another defining function of D s 

for each s £ U. We call it 4>(-,s). Since every slice D s is strongly pseudoconvex, 
w = — log(— if') = — log (—r/ip) is strictly plurisubharmonic in each slice D s when 
sufficiently close to the boundary. It is easy to see that w can be modified away from 
dD to a smooth function on D, which is strictly plurisubharmonic when restricted 
on each slice D s for s £ U (by shrinking U, if necessary); we again denote it by 
w (cf, see 31). Now let e~ F = J(—ipp). Then F is a smooth function on D and 
satisfies that 

det (w a p{z, S )) = e (n+l)w(z,s) e -F(z,s), 

and en implies that 

F(-,s) = £(-,s)ip(-,s) n+1 , 

for each s € U, where ^ is a smooth function on D. Again ry is understood to be a 
smooth function on D such that w = — log(— rjtp). So w a p = g a p — (logry)^^. We 
can solve a family of complex Monge-Ampere equations: 


(3.2) 


det(w a( g(-, s) + u a/ g(-, s)) = e Ku( --’ a) e FM det{w a p(-, s)), 
s)) < {w a p{-, s) + U ai g(-, s)) < c(w a p(-, s)). 


We denote by u(-,s) the solution of (13.21) for each s £ U. By Theorem 12.31 and 
(12.81) . for each slice D Sl we have the following boundary behavior of the solution u: 


K^(-,s)| < 0(lv?(-,s)| 


i-3/2-6 


for b > 0. 

Now we define a real (1, l)-form W by W = y/—lddw. We can write W as 
follows: 


W = 




— 1 ( w sS ds Ads + w s pds A dz 13 + w aS dz a A ds + w n j^dz a A 





To observe the horizontal lift vw and the geodesic curvature c(W), we need to 
compute the inverse of w a s. 


Lemma 3.3 ([3]). There exists a hermitian n x n matrix 
M = {M a p) G Mat„ x „ (C°°(D)) , 

which satisfies that 

W 0a - g Ba = 

In particular, w^ a £ C°°{D ) and w^ a = 0(\p\). 


With the help of the above lemma, we can show that vw bas the same properties 
with vg- 


Proposition 3.4. Any horizontal lift vw with respect to W is smoothly extended 
up to the boundary dD. Moreover, vw\dD is tangent to dD. 
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Proof. Note that vw is written by 


d 


Vw = ds “ WsBW 


fid 


d_ 

dz a 


Since w = —\og(—r]tp) = g — log 77 and r] is smooth up to the boundary, vw is 
smoothly extended up to the boundary. Moreover, 

v w (p) - v G {y) = 9 s p9 0a (p a - w s pW Ba (p a 

= 9 s 0 ( 9 Pa ~ w Ba )^ a + (logr)) s piv Ba ip a 
= 9 s p9^ M 7 69 5a P<x + (log r]) a pW Ba ip a 

= 0(\<p\), 

this completes the proof. □ 

Recall that the geodesic curvature of c(W) is given by 

c(W) = (v w ,v w ) w = w sS - w s pw Ba w clS . 

By the definition of Levi form, the geodesic curvature c(W) is computed as follows: 

(vw,vw)w = v 7 —T ddw(vw jVw) = Cw(vw,vw) 

1 _ 1 2 

= — Cif{v w , v w) + ^2 \di>(v w )\ ■ 

Remark 3.5. We can observe the following: 

(1) Since vw is tangent to dD , dip(vw)\dD = 0. 

(2) Since D is a smooth pseudoconvex domain, £if>(vw, vw) > 0 on dD. It 
follows that c(W) > 0. 

(3) If D is strongly pseudoconvex at p £ dD s , then £ip(vw>vw)\p > 0- It 
follows that 

— JY — rCip(v w ,vw)\(z,s) OO 

-ip{z,s) 

as (z, s) —> p. In particular, c(W)(z, s) —> 00 as ( z , s) —> p. 

3.2. Proof of Theorem 13.11 As we mentioned in Introduction, we denote by 
h a p(z,s) a unique complete Kahler-Einstein metric on a slice D s . And we also 
denote by a function h : D —> R defined by 

1 


K z , s) = —— logdet (h s(z, 3 )) 
71 + 1 


l<7,5<n 


If we define a real (1, l)-form H by H = y/—lddh, then H is a real (1, l)-form on D 
such that the restriction on each slice D s is positive-defmte by the Kahler-Einstein 
condition. We denote by A = A h a ^ the Laplace-Beltrami operator with respect 
to the Kahler-Einstein metric h a p on D s . Schumacher proved that the geodesic 
curvature c(H) of H satisfies a certain elliptic partial differential equation on each 
slice. (For the proof, see [14] or [3].) 

Theorem 3.6 (|14j). The following elliptic equation holds slicewise: 

(3.3) — Ac(H) + (n + l)c(H) = \Bvh\ 
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From now on, we fix a slice D s and we think the geodesic curvatures c(W) 
and c{H) as functions on D s . By the hypothesis, every boundary point of D s 
is a strongly pseudoconvex boundary point of D. It follows that c(W) —> oo as 
x —> dD s by Remark 13.51 The following proposition is describe the boundary 
behavior of c(H) in terms of c(W). 

Proposition 3.7. The geodesic curvatures c(W) and c(H) go to infinity near the 
boundary of the same order. More precisely, we have 

(3.4) — (x) —> 1 as x -t dD s . 

In the next subsection, we shall prove Proposition 13.71 In a moment, assuming 
that, we want to complete the proof. 

From (13.411 we know that c(H) is bounded from below. Then we can apply 
the almost maximum principle due to Yau ([16]). namely, there exists a sequence 
{cCfcjfcgN C D s such that 

lim \7c{H)(xk) = 0, lirninf Ac(H)(xk) > 0, and 

k—too k—t oo 

lim c(H)(xk) = inf c(H)(x). 

k—t oo x£D s 

It follows that 

(n + 1 )c(H)(xk,y) = \dv H \ 2 + A c(H)(x k ,y) > 0. 

Taking k —> oo, we have c(H) > 0. 

We also know that c(H) —> oo as x —> dD s by (13.41) . But this prevents the func¬ 
tion c(H) from being zero. In fact, according to a theorem of Kazdan and De Turck 
(0), Kahler-Einstein metrics are real analytic on holomorphic coordinates, and by 
the Implicit Function Theorem, depend in a real-analytic way upon holomorphic 
parameters. This also applies to the function c{H). 

Proposition 3.8. Let to be a Kahler form in C". Let f and g be non-negative 
smooth functions on U C C n . Suppose 

-A „f + Cf = g 

holds for some positive constant C. If f{ 0) = 0, then f and g vanish identically in 
a neighborhood of 0 € C n . 


Proof. It follows from the assumption that tf has a local minimum at the origin, 
and (3) implies that A uu ip(0) = 0 and /(0) = 0. 

We set A = A wu and choose normal coordinates z a of the second kind for uju 
at 0. Let A 0 = J2a=i d^dz & ^ le standard Laplacian so that 


-A = — A 0 +t^ a 


d 2 

d z a dz@ 


where the power series expansion of all t^ a have no terms of order zero or one. 
Then the maximum principle of E. Hopf implies that ip = 0. (cf. See Theorem 6, 
Chap. 2, Sect. 3 in [II].) □ 


The real analyticity of c{H) and Proposition l3.8l sav that c{H) is either identically 
zero, or never zero. However we know that c(W){x) —> oo as x —> dD s . This 
completes the proof. 
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3.3. The boundary behavior of c(H). In this subsection, we shall prove Propo¬ 
sition 13.71 

Recall that Remark [331 savs that c(W) is given by the following: 

c(W) = -^Cip(y w ,vw) + \ d ^{ v w)\ 2 ■ 

Since every boundary point of D s is a strongly pseudoconvex boundary point of D 
and vw is tangent to dD, we have 

c(W) >C-\i/)\ 

for some constant C > 0 when a point goes to dD s , in particular c(W) blows up of 
order greater than or equal to 1. To compute c(H) in terms of c(W), we need the 
following lemma. 


Lemma 3.9 (|3j). For each s € U, there exists a hermitian n x n matrix 
N s = (N s a p) G Mat nxn (c°°(D a ) n C n - 3 / 2 ~ b (D s )) 

with ||AT S || = 0(|^?(-,s)| ra 3 ^ 2 b ) for b > 0, which satisfies that 
h^(; S) - S) = s). 

In particular, h^ a (-,s) G C°°(D S ) (~| C n ~ 3 ^ 2 ~ b (D s ) for b > 0 and h^ a (-,s) = 

OM;s)\). 


By Lemma [3791 c(H) is computed as follows: 
c(H) = h aS - h s phP a h a s 

= hss - h a p (vjP a + w^N lg w ba ^ has 

= Wss + Uss - (w s j3 + U s p) (uft a + W^N jS W Sa> j (Was + U aS ) 
= c(W) + (remaining terms), 


where the remaining terms are given by the sum of 


i?i :— u S s + 


5W 0a U a s + Us 


gW^Was + U. 


5W Pa Uas , 


and 

i?2 := (w s p + U s p) W^N jg W Sa ( Was + Uas) ■ 

Hence it is enough to show that 

i?i + i?2 , a n 

c(W) 

First we note that u s g is bounded by Section 3 in [3]. By taking logarithm of (13.21) 
and differentiating it with respect to s, we know that u s satisfies the following linear 
elliptic partial differential equation on each slice D s : 


(3.5) - Aus + (n + 1 )u s = Q, 

where Q = —F s + — A^^.J w s . Here A Wa? is the Laplace-Beltrami operator 

with respect to the Kahler metic ui a p. Note that the boundary behavior of the 
solution of complex Monge-Ampere equation implies that 


(3.6) 


Q = 0(M"- 3/2 - 6 ) 
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for b > 0. We need the following lemma. 

Proposition 3.10. Let 0 < r < 1. If Q = 0(|<^| r ), then |rt s | = 0(\ip\ r ). 

Proof. In case of r = 1, it is proved in [3], Thus we may assume that 0 < r < 1. 
For c > 0, we compute 

A(u s - c{-tp) r ) = h a P(u s - c(-<p ) r ) a/ 3 

= h a P{u s ) a p - h a P(c(-ip) r ) a p 

= {n+ 1 )K) -Q-h ap ((cr(—</?) r_1 )(—(p)q,) ^ 

= (n + 1 )(u s ) - Q - cr(r - 1 )(-ip) r ~ 2 h a P (-(p) a (-ip)p 

+ cr(-i P y- 1 h a ^ a p. 

Since h a & is positive definite and <p is plurisubharmonic, we know that 
h a P(-tp) a (-<p)p > 0 and h a ^(p a p > 0. 

It follows that 

~cr(r - 1 ){-y) r - 2 h aP (-y) a {-<p)p + cri-ipy-ih^Vap > 0 . 

So we have 

A (u a - c(-ip ) r ) > (n + 1 )(u s ) - Q. 

Since Q = 0{\ip\ r ), we can choose ci > 0 such that 

A(u s - ci(-<p) r ) > (n + 1 ){u s - ci(-<p) r ). 

Note that u s is bounded by Section 3 in [31 • The almost maximum principle of Yau 
f|16]I implies that u s — ci(— ip) r < 0 , i.e., u < ci(—ip) r in D s . 

If we apply the same argument to A (u s + c(—ip) r ) for c > 0, then we have that 
u s > —C 2 (|tp| r ) for some constant C 2 > 0. Therefore u s = 0(\ip\ r ) as desired. □ 


Let (V. (u 1 ,..., v n )) be a coordinate system in D satisfying the conditions in Def¬ 
inition 1.1 in [2]. (cf, see [3].) Note that every bounded smooth strongly pseudocon- 
vex domain in C" admits a open covering of such coordinates. (This is constructed 
in Section 1 in El)- For a smooth function /, we write 


\f\k+e,V = SU P 
zev 


+ sup 

z,z'&V 



flM + 101 r)\ a \ + \P\ 

f(z)--—f(z') 


dv a dvh' 


dv a dvP’ 


where k is non-negative integer and e S (0,1). 

Applying the Schauder estimates to Equation (13.511 in the coordinate system 
(V, (u 1 ,..., v n )), we obtain that 


(3-7) \u s \ 2 + e y — C ^l M slo,y + |Qlo+e,y) ■ 

(For detailed notations, we refer to see [7].) Instead of introducing the definitions 
°f Hit+eV an( f Hfe+eV> we note construction °f the coordinate system 
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(V, (v 1 ,..., v n )) implies that there exists a open subset V' of V and a uniform 
constant C > 0 such that 


(j \f\k+e,V' < l/lfe+e,V' < ^\f\k+e,V' 
\f\k+e,V' < \f\k+e,V' < ^ \f\k+e,V' • 


and 


By m, if e > 0 is sufficiently small, then 


l0+E,V 


= 0(M 


n—3/2—b' 


)■ 


for some b' with 0 < b' < 1/2. This together with Proposition 13.101 implies that 


(3.8) 


s l0,E — 


O(M) if n > 3, 
0(M 1/2 - b ) if n = 2. 


It follows that |u s | 2+£ v , = 0(|c,c| 1//2 b ). Hence we have 

\ u s\2+e,V' < C. 

for some constant C > 0. In particular, we have v , < oo. By the construction 
of coordinate system (V) (u 1 ,..., v n )) on a bounded smooth strongly pseudoconvex 
domain (see Section 1 in [2J), we know that 


sup 

V' 


E 


dus 

~dz° 


< 


C_ 

M 




for some uniform constant C > 0. Hence we have 


sup 

V' 


E du s 

~dz “ 


<C {M 


- 1 / 2 - 6 ' 


)• 


Together with Lemma 15751 and Lemma [3.91 it follows that i? 2 is bounded. Moreover, 
it also implies that 

/Trr\ ( x ) 0 as x^dD s . 

c{W) 

Hence we have 

(a;) 1 as x^dD s . 

cyW) 

This completes the proof of Proposition 13.71 


4. Proof of Corollary 11.21 

In this section, we discuss about the variations of Kahler-Einstein metrics on 
bounded pseudoconvex domains. First we discuss about the construction of the 
Kahler-Einstein metric on a bounded pseudoconvex domain. And we prove Corol¬ 
lary [L2] in the next subsection. 
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4.1. Kahler-Einstein metric on a bounded pseudoconvex domain. Let fi 

be a bounded pseudoconvex domain. Then there exists a smooth strictly plurisub- 
harmonic exhaustion function ip. For N £ N, we denote by 

n N = {z e D : tp(z) < N}. 

By Sard theorem, we may assume that il N is a bounded strongly pseudoconvex 
domain with smooth boundary. It is also obvious that {n w } is a increasing union 
of Q. Then the theorem of Cheng and Yau implies that there exists a unique 
complete Kahler-Einstein metric /; Y on f 1 N with Ricci curvature — (n+ 1). By the 

Schwarz lemma for volume form due to Mok and Yau ([8]), we have that {det(/r^)} 
is a decreasing sequence, more precisely, 

det(h^g) > det(ft^) for N < N'. 

From the Kahler-Einstein condition, logdet(h^) is a strictly plurisubharmonic 
function on Cl N . It follows that |logdet(/t'^)| is a decreasing sequence of 

plurisubharmonic functions. This implies that the sequence converges to a plurisub¬ 
harmonic function h. It is proved that h a p is the unique complete Kahler-Einstein 
metric with Ricci curvature — (n + 1) by Cheng-Yau and Mok-Yau. 


4.2. Plurisubharmonicity of the variations. Let D be a bounded pseudocon¬ 
vex domain in C n+1 such that every slice D s is a bounded pseudoconvex domain. 
By the theorem of Mok and Yau, there exists a unique complete Kahler-Einstein 
metric h a p(z, s) with Ricci curvature — (n+ 1). If we define the function h : D — > R 
by 

= ^TT lo S det (V( 2 ’ s ))i< 7 ,6<„ 

then h is strictly plurisubharmonic on each slice D s . Since D is a pseudoconvex 
domain, there exists a strictly plurisubharmonic exhaustion function ip on D. Let 
D N = (0, s) e C n+1 : ip(z, s) < N} for N gN. Then we have the following: 

• D n CC D and D is increasing union of {1?^}, 

• each D n is a bounded smooth strongly pseudoconvex subdomain in D. 
Denote by DpP = D N D D s . Then there exists a unique complete Kahler-Einstein 
metric h^(z, s ) on each . Define a function h N : D N —> R by 




( z > s) = —- log det (h”s(z, s)) 


!<7,<5<n 


for every TV £ N. Then we know that h N is a smooth strictly plurisubharmonic 
function on D N by Section 3 (cf, see [3]). On each slice D s , h N (-,s ) forms a de¬ 
creasing sequence which converges to h(-,s). It follows that the sequence {h N } is 
a decreasing sequence which converges to h on D. This implies that h is limit of a 
decreasing sequence of plurisubharmonic functions, in particular h is plurisubhar¬ 
monic. 


5. Local trivility 

In this section, we discuss about the local triviality of a family of smooth bounded 
strongly pseudoconvex domains. 

Let D be a smooth domain in C ra+1 such that every slice D s is a bounded strongly 
pseudoconvex domain with smooth boundary. Since the computation is local, we 
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may assume that tt(D) = U the standard unit disc in C. Suppose that the geodesic 
curvature c(H) of H vanishes in D. Then (13.311 implies that \Bvh\ vanishes, i.e., 
vh is a holomorphic vector field on D. Thus we have a holomorphic vector field vh 
on D such that dn(vii) = d/ds. 


Proposition 5.1. On each slice D s , the horizontal lift vh is extended continuously 
up to the boundary dD s and it is tangent to the boundary dD. More precisely, the 
following holds: 

v H (<p) = o(M r ) 


for some 0 < r < 1. 


Proof. Note that the horizontal lift vh of d/ds with respect to H is given by 

__d_, uBc* d 
VH ~ds ksph dz a ' 


where h s p and are 


h s p = w s p + u s p and h^ a = w^ a + w 


^NrW Sa . 


By Lemma 13.31 we already know that w^ a is smooth up to the boundary and 
w /3a _ 0{\y> |). It is easy to see that w s gw^ a is smooth up to the boundary. 

Moreover the boundary behavior of u s implies u s p = 0(\<p\ n 5 ^ 2 b ) (note that we 
can choose b’ > 0 sufficiently small; see Subsection 13.31) . Since n > 2, all together 
implies the first assertion. 

To show the second assertion, we compute Vh(p)- We already know that vw{p) = 

o{ M). 


vh(<p) = h s ph? a <p a 

= {w s p + u 8 p) (w? a + w^N^w Sa ^ ip a 
= V W (<p) - W s pWp' y N 7 fiW*°‘ip a - U s 0W^N 1 gW Sa ^ a - 


Obviously vw = 0[\p\) by the proof of Proposition 13.41 Lemma [(ITU implies that 
the second and third terms are also 0(|<^|). By (13.81) implies that the last term 
satisfies that 

0[\<p\) if n > 3, 

Od^l 1 ^ 2-6 ) if n = 2. 

Hence we have 


UspW^ipo 


(5-1) \v H (<p) I 

This yields the conclusion. 


0(|y>|) if n > 3, 
0 {\ip\ 1/2 ~ b ) if n = 2. 


□ 


Proposition 5.2. Suppose that \vhT\ < c \tp\ for some c > 0. Then the flow of vh 
gives a biholomorphism from Dq x U to D. 

Proof. Let p be a point in Dq. Define a : ( a p ,b p ) —> D by a flow of vh passing 
through p, i.e., 

ffl a (t)=v H U(t) and a(0) = p. 
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We assume that ( a Vl b p ) is maximal. Now we claim that a p = —1 and b p = 1. 
Define a function f : (a„, b„) —> R by fit) = (woal(f). Then the hypothesis implies 
that |/'(i)| < c\f{t)\. It follows that 


Integrating this, we have 


—c dr < 


- c< iU <c 

fit) 


.fit) 


dr < c dr , 


ie., 


fi T ) 


/( 0 ) 


< e" 


Since /(0) = ((po a)(0) = y>(p) < 0, this implies that 

<fiip)e~ CT < (ipo a)(r) < ifiip)e CT , 


for r £ (—1,1). Since D is a fibration over I/, it is obvious that a p = — 1 and 
b p = 1. Hence by integrating the holomorphic vector field vh, we obtain the 
biholomorphism from Dq x U to D. □ 


Hence Proposition 15.21 and m imply the following theorem. 


Theorem 5.3. Suppose that the slice dimension n is greater than or equal to 3. If 
the geodesic curvature c(H) vanishes on D, then D is biholomorphic to Dq x U . 

Proof. Note that the constant C s from (ED depends on s, i.e., we have C s > 0 
such that 

Vh(<p) = c s ( M )- 

This constant C s is coming from ED- Hence it is enough to show that there exists 
a constant C in (13.71) which does not depend on s. By the Schauder theorem, the 
constant C depends only on the n, e, A where A satisfies that 

h a *(z, s)C^ > AICI 2 for zev, feC n . 


We have a uniform lower bound of A which does not depend on s because of the 
following: 

1. (V, (v 1 ,..., v n )) is a special coordinate constructed by Cheng and Yau. 
On this coordinate, the metric tensor h a p with respect to (v 1 ,..., v n ) is 
uniformly equivalent to the Euclidean metric, i.e., there exists a uniform 
constant c > 0 such that 



< h 


a/3 


< c5 


a/3 ’ 


2. The construction of (V, (u 1 ,..., v n )) is algebraic (just using linear frac¬ 
tional transforms), in particular, if the strongly pseudoconvex domain varies 
smoothly, then the coordinates also varies smoothly. Hence we can choose 
the uniform constants R , c, in Definition 1.1 in [2], which do not depend 

on s. 


Therefore we have the conclusion by Proposition [521 


□ 
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6. A REMARK ON 2-DIMENSIONAL SLICE CASE 


In this section we discuss about the difference between 2-dimensional case and 
higher dimensional case. 

Together with the computation of j3], we have already seen the following: 

(i) | c(H) — c(W)\ is bounded if the slice dimension n > 3. 
c{H) 


(ii) 


:(W) 


1 as a; goes to a strongly pseudoconvex boundary point. 


If the slice dimension is equal to or greater than 3, then (i) implies that c(H) is 
bounded from below in a fixed slice D s . By applying the almost maximum principle 
to (13.311 . it follows that c(H) is nonnegative, i.e., the function h is plurisubharmonic. 
Hence we have that if the boundary of D s has a strongly pseudoconvex boundary 
point in D, then c(H) is strict positive, namely, h is strictly plurisubharmonic. 

On the other hand, if the slice dimension is equal to 2, then we do not know 
whether c(H) is bounded from below. We only know that c(H) goes to the infin¬ 
ity if the point goes to the strongly pseudoconvex boundary point of D. Hence 
we cannot draw the conclusion that c(H) is nonnegative provided that D s has a 
strongly pseudoconvex boundary point of D. However, if every boundary point of 
D s is a strongly pseudoconvex boundary point of D, then c(H) is bounded from 
below. Again the almost maximum principle implies that c(H) is nonnegative. 
Then we have that c(H) is strictly positive by Proposition 13.81 i.e., h is strictly 
plurisubharmonic. Therefore, it is quite natural to ask the following question: 


Question 6.1. Let D be a pseudoconvex domain in C ra+1 with smooth boundary. 
Suppose that there exists a boundary point p of D s such that p is a strongly 
pseudoconvex boundary point of D. Is h is strictly plurisubharmonic near D s ? 
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